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In this work we study an optomechanical system in which there is a purely quadratic optome-
chanical coupling between the optical and mechanical modes. The optical mode is pumped by three
coherent fields and the mechanical mode is parametrically driven. We show that if the frequencies
and amplitudes of both optical and mechanical drivings are properly chosen, the optomechanical
interaction gives rise to an effective interaction, which, in the presence of optical damping and in the
absence of mechanical damping, has the squeezed vacuum state and the squeezed one phonon state
as dark states of the dynamics. These states are well known for presenting quadrature squeezing
and sub-Poissonian statistics. However, even in the presence of mechanical damping it is possible
to find steady states with large degrees of quadrature squeezing or strong sub-Poissonian statistics.
I. INTRODUCTION
The observation of quantum features in macroscopic
mechanical systems is still a big challenge. The reason
behind this lies essentially on the fact that the interaction
of macroscopic systems with the environment induces
strong decoherence processes, so that quantum phenom-
ena are usually masked. However, recent experimental
progress in quantum optomechanics, the area of physics
that deals with systems in which optical and mechani-
cal degrees of freedom can interact, brings good perspec-
tives. The experimental realization of sideband cooling of
macroscopic mechanical oscillators [1–7] and strong cou-
pling between an optical field and a mechanical oscillator
[8, 9] are specially promising. As a result of such remark-
able experimental achievements, a number of theoretical
studies proposing the preparation of nonclassical states
in such systems appeared, including entangled states,
quantum superposition states, sub-Poissonian states and
squeezed states.
The generation of squeezed states is specially impor-
tant not only because of the theoretical interest in such
states, but also because of their technological applica-
tions, like in the development of ultrasensitive force sen-
sors [10] and applications in quantum information pro-
cessing using continuous variable states [11]. Among the
several schemes proposed to prepare those states, we ob-
serve two major approaches: the first one relies on the
fact that the optomechanical coupling induces an effec-
tive spring constant in the mechanical oscillator, the so
called optical spring effect. Therefore, it is possible to in-
duce a time-dependent effective spring constant, generat-
ing the desired squeezing of the mechanical oscillator [12–
15]. In such proposals, however, usually small degrees of
squeezing are reached (slightly above 3 dB). The second
approach uses the fact that right after a measurement
the uncertainty in the measured observable is zero, and
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combines a sequence of quantum measurements and feed-
back to force the mechanical oscillator into a squeezed
state [10, 16–20]. That approach would make possible to
reach higher degrees of squeezing, but it is hard to imple-
ment with current technology. Other approaches try to
squeeze the mechanical oscillator by driving the optical
field with squeezed light [21], by parametrically driving a
mechanical resonator coupled to a microwave cavity [22]
or by exploring the quadratic optomechanical coupling
[23]. One further way to prepare squeezed states relies
on the fact that the optical system usually has a much
faster dynamics if compared with the mechanical oscil-
lator, thus, the optical mode can act as an engineered
reservoir for the mechanical oscillator [24]. Such scheme
is simple and is able to reach high degrees of squeezing,
the only experimental limitation being the necessity of
working in the resolved sideband regime.
In this work we propose a scheme to prepare the me-
chanical oscillator in a squeezed vacuum state or in a
squeezed one phonon state. Our proposal makes use
of an optomechanical system in which there is a purely
quadratic coupling between the optical and mechanical
modes. The optical mode is pumped by three coher-
ent fields and the mechanical mode is parametrically
driven. If the amplitudes and frequencies of both op-
tical and mechanical drivings are properly chosen, the
optical field then acts as an engineered reservoir for the
mechanical oscillator, being possible to drive it, in the ab-
sence of mechanical damping, either to a squeezed vac-
uum state or to a squeezed one phonon state. Those
states are well known for presenting quantum features
like quadrature squeezing and sub-Poissonian statistics.
Notoriously, the presence of the mechanical damping, al-
though the squeezed vacuum state or the squeezed one
phonon state are no longer dark states of the dynamics,
it is still possible to reach steady states with high degrees
of squeezing or strong sub-Poissonian Statistics.
The paper is divided as follows: in section II we make
a small review about squeezed number states and their
properties. In section III we present our model and in
section IV we demonstrate how the open dynamics of
the system allows us to prepare to target states of the
2mechanical oscillator. In section V we show our results
and section VI is for concluding remarks.
II. SQUEEZED NUMBER STATES
The squeezed number states |ξ, n〉 are defined by the
following equation,
|ξ, n〉 = Sˆ(ξ)|n〉, (1)
where
Sˆ(ξ) = exp
[
1
2
(ξ∗aˆ2 − ξaˆ†2)
]
(2)
is the squeezing operator, ξ = |ξ|eiθ is the squeezing pa-
rameter, aˆ is an annihilation operator and |n〉 is a number
state. The squeezing operator Sˆ(ξ) is well known in quan-
tum optics for generating squeezed states. Transforming
the operator aˆ via Sˆ(ξ), we obtain,
Sˆ(ξ)aˆSˆ†(ξ) = aˆ cosh |ξ|+ aˆ†eiθ sinh |ξ| = µaˆ+νaˆ† = βˆ(ξ),
(3)
which is the so called Bogoliubov operator, βˆ. For the
squeezed vacuum state |ξ, 0〉 it can be shown [25], using
eq. (3), that,
〈(∆Xˆ1)2〉 = 1
4
e−2|ξ|, (4)
〈(∆Xˆ2)2〉 = 1
4
e2|ξ|, (5)
where Xˆ1 = (aˆe
−iθ/2 + aˆ†eiθ/2)/2 and Xˆ2 = (aˆe
−iθ/2 −
aˆ†eiθ/2)/2i are generalized quadrature operators satis-
fying the commutation relation [Xˆ1, Xˆ2] = i/2. It is
clear from eqs. (4) and (5) that the squeezed vacuum
state presents quadrature squeezing and that the prod-
uct 〈(∆Xˆ1)2〉〈∆(Xˆ2)2〉 = 1/16 satisfies the minimum
value allowed by the uncertainty principle. For arbitrary
squeezed number states |ξ, n〉 it is possible to show that
[26],
〈(∆Xˆ1)2〉 = 2n+ 1
4
e−2|ξ|, (6)
〈(∆Xˆ2)2〉 = 2n+ 1
4
e2|ξ|. (7)
Thus, the states |ξ, n〉 present quadrature squeezing for
|ξ| > ln√2n+ 1. It was shown that squeezed number
states also present higher order squeezing [27].
To obtain the expansion of |ξ, 0〉 in the number state
basis, we can proceed this way:
aˆ|0〉 = 0, (8)
Sˆ(ξ)aˆSˆ†(ξ)Sˆ(ξ)|0〉 = 0, (9)
(µaˆ+ νaˆ†)|ξ, 0〉 = 0. (10)
Thus, the squeezed vacuum state is the vacuum state of
the Bogoliubov annihilation operator βˆ(ξ) = µaˆ + νaˆ†.
Using the identity |ξ, 0〉 =∑ cn|n〉 we obtain the follow-
ing relation between the cn’s,
cn+1 = − ν
µ
√
n
n+ 1
cn−1, (11)
for n ≥ 1, and c1 = 0. Hence, eq. (10) admits one
solution, which involves only even number states.
For the squeezed one photon state, its expansion in
terms of number states can be obtained in a similar way,
aˆ2|1〉 = 0, (12)
Sˆ(ξ)aˆ2Sˆ†(ξ)Sˆ(ξ)|1〉 = 0, (13)
(µaˆ+ νaˆ†)2|ξ, 1〉 = 0, (14)
(µ2aˆ2 + ν2aˆ†2 + 2µνaˆ†aˆ+ µν)|ξ, 1〉 = 0. (15)
This means that the squeezed one photon state is the
vacuum state of the square of the Bogoliubov annihilation
operator, βˆ2(ξ). Using the identity |ξ, 1〉 = ∑ cn|n〉 we
get the following relation between the cn’s,
√
2µc2 + νc0 = 0, (16)√
2µc3 +
√
3νc1 = 0, (17)√
(n+ 2)(n+ 1)µ2cn+2 + µν(2n+ 1)cn
+ ν2
√
n(n− 1)cn−2 = 0. (18)
Therefore, eq. (15) has two linearly independent solu-
tions, one involving only even number states and another
one involving only odd number states. Given that a so-
lution of eq. (10) must be also a solution of eq. (15), the
even solution corresponds to the squeezed vacuum state
|ξ, 0〉. Consequently, the odd solution corresponds to the
squeezed one photon state |ξ, 1〉.
As pointed out above, squeezed number states |ξ, n〉
present squeezing if |ξ| > ln√2n+ 1. Nonetheless, these
states can also show sub-Poissonian statistics. It can
be shown that, for θ = 0, the second order correlation
function of |ξ, n〉 is given by [26],
g(2)(0) =1− cosh(2|ξ|)〈nˆ〉 n+
sinh2 |ξ|
〈nˆ〉2
[
2n2 cosh2 |ξ|+
2n cosh2 |ξ|+ cosh(2|ξ|)
]
, (19)
where 〈nˆ〉 = n cosh(2|ξ|) + sinh2 |ξ|. For small enough
values of |ξ|, g(2)(0) can be less than unity, what char-
acterizes a sub-Poissonian statistics. For |ξ| ≫ 1, the
second term in eq. (19) can be neglected and we have
the following result,
g(2)(0) ≈ 1 + 2(n
2 + n+ 1)
(2n+ 1)2
, (20)
which indicates super-Poissonian statistics.
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FIG. 1. An optomechanical system in which the optical mode
is pumped by three coherent radiation fields with frequency
ω+, ω− and ωc, and the mechanical mode is parametrically
driven.
III. THE MODEL
We consider an optomechanical system having a purely
quadratic coupling between an optical mode of frequency
ωc and a mechanical parametric oscillator, whose fre-
quency is given by ω2(t) = ω2m
[
1 + ǫ cos(Ωt)
]
, with
0 ≤ |ǫ| < 1 .The Hamiltonian of this system is given
by (~ = 1),
Hˆ = ωcAˆ
†Aˆ+
ωm
2
Pˆ 2+
ωm
2
[
1+ǫ cos(Ωt)
]
Qˆ2+gAˆ†AˆQˆ2
+ Hˆdr, (21)
where
Hˆdr = iE+Aˆ
†e−iω+t+ iE0Aˆ
†e−iωct+ iE−Aˆ
†e−iω−t+h.c.
(22)
Aˆ is the annihilation operator of the optical mode, Qˆ and
Pˆ are the dimensionless position and momentum opera-
tors of the mechanical mode, and g is the optomechan-
ical coupling parameter; ωj and Ej(j = ±, 0) are the
frequency and the amplitude of the j’th coherent field.
We assume that the optical field is strongly pumped and
that ω± = ωc ± ∆. The value of ∆ will be determined
later in order to engineer the desired interaction between
the optical and the mechanical modes.
Let us suppose that both the optical mode and the
mechanical mode interact with the environment. In this
situation, the dynamics of the system can be studied us-
ing the quantum Langevin equations (QLE) [28]:
d
dt
Aˆ =− (κ+ iωc)Aˆ− igAˆQˆ2 + E+e−iω+t + E0e−iωct
+ E−e
−iω
−
t +
√
κAˆin, (23)
d
dt
Qˆ =ωmPˆ , (24)
d
dt
Pˆ =− ωm
[
1 + ǫ cos(Ωt)
]
Qˆ− 2gAˆ†AˆQˆ− γPˆ + χˆ,
(25)
where κ and γ are the decay rate of the optical and me-
chanical modes, respectively. The last two equations can
be decoupled, resulting in the following set of equations,
d
dt
Aˆ =− (κ+ iωc)Aˆ− igAˆQˆ2 + E+e−iω+t + E0e−iωct
+ E−e
−iω
−
t +
√
κAˆin, (26)
d2
dt2
Qˆ =− ω2m
[
1 + ǫ cos(Ωt)
]
Qˆ− 2gωmAˆ†AˆQˆ− γ d
dt
Qˆ
+ χˆ. (27)
The operators Aˆin and χˆ are (statistically independent)
Gaussian noise operators whose first order correlation
functions are equal to zero and the second order correla-
tion functions are [28],
〈Aˆin(t)Aˆ†in(t′)〉 = (n¯c + 1)δ(t− t′), (28)
〈Aˆ†in(t)Aˆin(t′)〉 = n¯cδ(t− t′), (29)
〈{χˆ(t), χˆ(t′)}〉 = 2γ
πωm
∫
dωω coth
(
~ω
kBT
)
cos[ω(t− t′)],
(30)
where n¯c = [exp(~ωc/kBT ) − 1]−1 is the mean thermal
excitation number of the optical environment, T is the
temperature, and {, } denotes the anticommutator. We
assume in this work that the optical frequency is high
enough so that we can neglect n¯c.
In the strong pumping regime we can decompose the
operators Aˆ, Qˆ and Pˆ as the sum of their expectation
values and small fluctuations: Aˆ = α+ aˆ, Qˆ = σ+ qˆ and
Pˆ = η+ pˆ. In this regime we have the following equations
for the expectation values α and σ,
d
dt
α =− (κ+ iωc)α − igασ2 + E+e−iω+t + E0e−iωct
+ E−e
−iω
−
t, (31)
d2
dt2
σ =− ω2m
[
1 + ǫ cos(Ωt)
]
σ − 2gωm|α|2σ − γ d
dt
σ.
(32)
Eqs. (31) and (32) are nonlinear differential equations
and their solution can be very hard to find. However,
given that in the majority of the experimental realiza-
tions of an optomechanical system with quadratic cou-
pling the coupling parameter g is very small compared
to κ and ωm, we may try a perturbative approach. In or-
der to do that we have to make an additional assumption
about the asymptotic value of σ(t), or: limt→∞ σ(t) 6=∞.
This last condition is not trivially satisfied, as we are
dealing with a parametric oscillator, and it must be ver-
ified at the end of the procedure. If this last condition
is satisfied, then, for a sufficiently small g, we may find
a perturbative solution. Let us call α0 the unperturbed
solution of eq. (31), i.e. neglecting the optomechanical
interaction term. Thus, the asymptotic solution of eq.
(31) for g = 0 can be easily found and is given by,
α0(t) =
E+
κ+ i∆
e−iω+t+
E0
κ
e−iωct+
E−
κ− i∆e
−iω
−
t, (33)
4where E0/κ and E±/(κ ± i∆) are assumed to be real,
what can be done by adjusting the phase of Ej . Replac-
ing α0(t) in eq. (32) gives us the following equation,
d2
dt2
σ = −ω2m
[
1 + 2δ + ǫ cos(Ωt) + 2λ cos(∆t)
+ 2µ cos(2∆t)
]
σ − γ d
dt
σ, (34)
where
δ =
g
ωm
( |E+|2
κ2 +∆2
+
|E0|2
κ2
+
|E−|2
κ2 +∆2
)
, (35)
λ =
2g
ωm
|E0|
κ
( |E+|+ |E−|√
κ2 +∆2
)
, (36)
µ =
2g
ωm
|E+E−|
κ2 +∆2
. (37)
Let us analyze some important facts about eq. (34):
firstly, it will give us a corrected solution, as the optome-
chanical interaction term is taken into account. Secondly,
the optomechanical interaction gives rise to an effective
frequency ω˜m for the mechanical oscillation, defined as
ω˜m = ωm
√
1 + 2δ. For reasons that will become clear
later, we will choose Ω = ∆ = 2ω˜m. This choice has
very important consequences, as the presence of terms
proportional to cos(2ω˜mt) has the potential to lead to
parametric instability. To avoid this scenario, we impose
that ǫ = −2λ. Given that the presence of a term pro-
portional to cos(4ω˜mt) does not give rise to instability
issues (except for large ǫ, a situation that we will not
consider here), it can be shown that, if the last condition
is fulfilled, the asymptotic solution of eq. (34) is σ(t) = 0
(a discussion about instability issues can be found in the
Appendix). This result agrees with our initial assump-
tions. Now, if we try to obtain a more accurate solution
for α(t) by replacing the solution found for eq. (34) in
eq. (31) and do the whole procedure again (i.e., use this
corrected solution of α(t) to obtain a corrected solution
of σ(t)), we will find the same results. Therefore, we have
that the asymptotic value of α(t) is given by eq. (33) and
the asymptotic value of σ(t) is zero. Consequently, the
asymptotic value of η(t) is also zero.
Substituting those results in Hamiltonian (21),
Hˆ = ωcaˆ
†aˆ+
ωm
2
pˆ2+
ωm
2
[
1+ǫ cos(2ω˜mt)
]
qˆ2+g
[|α(t)|2
+ α(t)aˆ† + α∗(t)aˆ+ aˆ†aˆ
]
qˆ2. (38)
The last term in Hamiltonian (38), gaˆ†aˆqˆ2, is much
smaller than the others terms, so it is going to be ne-
glected. Using eq. (33),
Hˆ = ωcaˆ
†aˆ+
ωm
2
pˆ2 +
ωm
2
[
1 + 2δ
]
qˆ2 +
[
µ cos(4ω˜mt)
+ gα(t)aˆ† + gα∗(t)aˆ
]
qˆ2. (39)
Rewriting Hamiltonian (39) in terms of the annihilation
operator of the mechanical oscillator with effective fre-
quency ω˜m, bˆ, we have,
Hˆ = ωcaˆ
†aˆ+ ω˜mbˆ
†bˆ+
[ ω2m
2ω˜m
µ cos(4ω˜mt) + g
′α(t)aˆ†
+ g′α∗(t)aˆ
]
(bˆ + bˆ†)2, (40)
where, g′ = gωm/(2ω˜m). Going to the interaction picture
we have the following Hamiltonian,
HˆI = HˆR + HˆNR (41)
where the resonant part is
HˆR = aˆ
†
(
g−bˆ
2 + 2g0bˆ
†bˆ+ g+bˆ
†2 + g0
)
+h.c., (42)
and the nonresonant part is
HˆNR =
ω2m
4ω˜m
µ cos(4ω˜mt)
(
bˆe−iω˜mt + bˆ†eiω˜mt
)2
+ aˆ†
(
2bˆ†bˆ+ 1
)(
g+e
−2iω˜mt + g−e
2iω˜mt
)
+ aˆ†bˆ2
(
g+e
−4iω˜mt + g0e
−2iω˜mt
)
+ aˆbˆ†2
(
g−e
4iω˜mt
+ g0e
2iω˜mt
)
+ h.c., (43)
where g0 = g
′Ej/κ and g± = g
′Ej/(κ± i∆). It is impor-
tant to note that the values of Ω and ∆ were decisive to
determine which terms of Hamiltonian (40) are resonant
and which are nonresonant.
In principle, the open system dynamics of the optome-
chanical system can be studied using the QLE’s for the
fluctuation operators aˆ and bˆ, which can be obtained us-
ing the simplified Hamiltonian (41). However, although
the QLE’s obtained with Hamiltonian (41) are simpler
than the QLE’s (26) and (27), they are still nonlinear
QLE’s, whose analytical solutions are difficult to find.
Therefore, we are going to study the dynamics of our
system using a master equation approach. With the sim-
plified Hamiltonian (41), our system is described by the
following master equation,
d
dt
ρˆ = −i[HˆI , ρˆ] + κLˆ[aˆ]ρˆ+ (n¯m +1)γLˆ[bˆ]ρˆ+ n¯mγLˆ[bˆ†]ρˆ,
(44)
where n¯m = [exp(~ωm/kBT )− 1]−1 is the mean thermal
excitation number of the mechanical environment and
Lˆ[cˆ]ρˆ = 2cˆρˆcˆ† − cˆ†cˆρˆ − ρˆcˆ†cˆ, is the Lindbladian. As it is
very hard to find analytical solutions of eq. (44), we have
treated the problem numerically.
IV. DISSIPATION INDUCED GENERATION OF
SQUEEZED NUMBER STATES
We assume that our system operates in the deep re-
solved sideband limit (κ ≪ ωm), what allows us to
make the rotating wave approximation and neglect the
nonresonant part of Hamiltonian (41), HˆNR. We also
5assume that g−/g+ = coth
2 r and g−/g0 = coth r.
In this situation we can define the coupling parameter
G = g− − g+, and the Hamiltonian (41) can be writ-
ten in terms of the Bogoliubov annihilation operator
βˆ(r) = cosh(r)bˆ + sinh(r)bˆ†,
HˆI = G
[
aˆ†βˆ2(r) + aˆβˆ†2(r)
]
. (45)
This Hamiltonian allows the creation (annihilation) of
one photon and annihilation (creation) of two excitations
of the Bogoliubov mode. If we suppose, further, that
the mechanical damping can be neglected, or γ = 0, the
open system dynamics allows the optical mode to cool the
Bogoliubov mode, leading the system to the states |ψ0〉 =
|0〉a|ξ, 0〉b or |ψ1〉 = |0〉a|ξ, 1〉b. One way to conclude this
is to observe that states |ψ0〉 and |ψ1〉 are dark states of
the dynamics, i.e.
Hˆ|ψn〉 = 0, (46)
Lˆ[aˆ](|ψn〉〈ψn|) = 0. (47)
Indeed, if we suppose that in the steady state the cavity
must be in the vacuum state, then the states |ψ0〉 and
|ψ1〉 are the only (orthogonal) dark states of the system.
This means that any coherent or incoherent mixture of
the states |ψ0〉 and |ψ1〉 is a steady state of the system.
The exact form of the steady state of the system is deter-
mined by the initial state of the system, in particular, if
the initial state of the mechanical oscillator is a superpo-
sition of even (odd) number states, the steady state will
be |ψ0〉 = |0〉a|ξ = r, 0〉b (|ψ1〉 = |0〉a|ξ = r, 1〉b). Thus, in
the absence of mechanical damping, r indeed corresponds
to the squeezing parameter of the mechanical state.
In the situation in which κ ≫ G and κ ≫ γ, we
may proceed with the adiabatic elimination of the op-
tical mode. By standard methods [28, 29], we obtain the
following master equation,
d
dt
ρˆb =
[
(n¯m + 1)γLˆ[bˆ] + n¯mγLˆ[bˆ†] + G
2
κ
Lˆ[βˆ2(r)]
]
ρˆb,
(48)
where ρˆb = Tra[ρˆ]. From eq. (48) we note that the
the optical field acts as an engineered reservoir for the
mechanical oscillator. It is clear that in the presence of
mechanical damping (γ 6= 0) the states |ψ0〉 and |ψ1〉 are
no longer dark states of the dynamics.
It is important to stress that the possibility of en-
gineering a squeezed vacuum state and a squeezed one
phonon state strongly depends on the validity of the ro-
tating wave approximation. If the nonresonant signifi-
cantly contribute to the dynamics, what is expected to
happen if our system does not operate in the deep re-
solved sideband regime, then a nonresonant heating of
the Bogoliubov mode would occur. This certainly will
cause deleterious effects on the generation of the target
states.
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FIG. 2. Fidelity (continuous curves) and purity (dashed
curves) as a function of κt for γ = 0. (a) r = 0.5 in the
red curves and r = 1 in the blue curves. The initial state in
both curves is |na = 0, nb = 0〉. (b) r = 0.1 in the red curves
and r = 1 in the blue curves. The initial state in both curves
is |na = 0, nb = 1〉.
V. RESULTS
In this section we show the results obtained by numer-
ically solving eq. (44). We calculate the temporal evolu-
tion of the system, and directly find its steady state. The
only drawback of this approach is that for larger values of
r it is necessary to consider a Hilbert space with larger di-
mensions. This severely limits the values of r considered
here. Another important point is that, although it would
be more suitable from a theoretical point of view to scale
the time in units of κ/G2 (as κ/G2 determines a time
scale of the system, at least in situations where the opti-
cal mode can be adiabatic eliminated, which is the most
common situation in the laboratory), we choose to scale
the time in units of κ−1. The reason is because scaling
the time in units of κ/G2 would require to keep G con-
stant, what means that (for larger values of r) the effec-
tive couplings gi, specially g−, would assume values that
are orders of magnitude greater than the values that can
be obtained experimentally with the current technology.
In all calculations we use g− = 0.01κ, g0 = 0.01κ tanh r
and g+ = 0.01κ tanh
2 r. The numerical calculations were
done using the software QuTiP [30].
In figure 2 we plot the fidelity F =
√
〈ψ|ρˆ|ψ〉 be-
tween the state of the system and the target state |ψ〉,
and the purity of the state of the system in the absence
of mechanical damping. The target state is the state
|0〉a|ξ = r, 0〉b in (a) and the state |0〉a|ξ = r, 1〉b in (b).
It is clear that after some time the state of the system
evolves to the corresponding target states. Using eq. (4),
we can calculate the amount of squeezing reached in fig-
ure 2(a), which is approximately 8.69 dB in the blue
curve and 4.34 dB in the red curve. In figure 2(b) the
amount of squeezing can be calculated using eq. (6) for
n = 1. In the red curve, given that r < ln
√
3, no squeez-
ing is observed. However, for small values of r, we obtain
g(2)(0) = 0.058, i.e., a sub-Poissonian statistics emerges
(see the red curve). In the blue curve we have r = 1; the
system now presents a super-Poissonian statistics, and
6(a)   
0 5 10 15 20
0.2
0.4
0.6
0.8
1.0
10-4 Κ t
(b)   
0 2 4 6 8 10
0.2
0.4
0.6
0.8
1.0
10-4 Κ t
(c)   
   
0 10 20 30 40
0.2
0.4
0.6
0.8
1.0
10-4 Κ t
(d)   
0 5 10 15 20
0.2
0.4
0.6
0.8
1.0
10-4 Κ t
FIG. 3. Fidelity (continuous curves) and purity (dashed
curves) as a function of κt. (a) r = 1, n¯m = 0 and the initial
state is |na = 0, nb = 0〉. (b) r = 1, n¯m = 10 and the initial
state is |na = 0, nb = 0〉.(c) r = 0.1, n¯m = 0 and the initial
state is |na = 0, nb = 1〉. (d) r = 0.1, n¯m = 10 and the initial
state is |na = 0, nb = 1〉. In the black curves γ = 10
−4κ, in
the blue curves γ = 10−5κ, in the red curves γ = 10−6κ and
in the green curves γ = 10−7κ.
the squeezing is approximately 3.91 dB. It is interesting
to note that if we prepare the mechanical oscillator in an
initial one phonon state and set r = 0 (what means that
E0 = E+ = 0), then the mechanical oscillator will remain
in the one phonon state. This is a direct consequence of
the quadratic coupling and the assumption that γ = 0.
In figure 3 we plot again the fidelity F between the
state of the system and the target state |ψ〉, as well
as the purity of the state of the system. The target
state is the state |0〉a|ξ = 1, 0〉b in 3(a) and 3(b), and
the state |0〉a|ξ = 0.1, 1〉b in 3(c) and 3(d). Firstly,
for the parameters’ values used, the adiabatic approxi-
mation holds, so that the mechanical oscillator is effec-
tively coupled to an engineered reservoir with a decay
rate G2/κ = 10−4 sech4(r)κ. So, we expect our results to
show the existence of two time scales; the first one de-
termined by the coupling to the engineered reservoir and
the second one determined by the coupling to the ‘real’
mechanical reservoir. The results in figure 3 show ex-
actly the expected behavior. In the black curves we have
γ = 10−4κ and n¯ = 0, 10, what implies that coupling to
the real reservoir is always equal or greater than the cou-
pling to the effective reservoir. Consequently, the state
of the system never reaches the target states. However,
in the green curves we have γ = 10−7κ and n¯ = 0, 10,
or the coupling to the engineered reservoir greater than
the coupling to the ‘real’ reservoir, at least for the val-
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FIG. 4. Quadrature squeezing of Xˆ1 against r in the steady
state. In the black curves γ = 10−4κ, in the blue curves
γ = 10−5κ, in red curves γ = 10−6κ and in the green curves
γ = 10−7κ. In (a) n¯m = 0 and in (b) n¯m = 10.
ues of r used. In this case, the results clearly show the
existence of the two time scales and, at least for n¯ = 0,
the state of the system presented a high fidelity relatively
to the target states for a range of values of κt. As ex-
pected, the state of the system is very well approximated
by the target state for values of t such that t≫ κ/G2 and
t ≪ [(n¯m + 1)γ]−1. The only counter-intuitive behavior
noted in figure 3 is that if we compare the black con-
tinuous curves in figures 3(c) and 3(d), we note that the
fidelity F seems to converge to a larger value for n¯m = 10
than for n¯m = 0. Indeed, the same behavior occurs for
the other continuous curves in figures 3(c) and 3(d), and
it will be explained later when we consider the steady
states of the system. It is important to point that the
simulations of the full master equation, containing both
optical and mechanical damping, show just one steady
state, what means that independently of the initial state
being an even or an odd Fock state (or any other state),
the steady state of the system will be the same. The
question now turns to be whether this steady state will
show quantum features like squeezing and sub-Poissonian
statistics.
To answer this question, in figure 4 we have the quadra-
ture squeezing of Xˆ1 for the steady state of the field for
different values of γ and n¯m. As expected, the existence
of mechanical damping has deleterious effects over the
generation of squeezed states, the degree of squeezing
being smaller for larger values of γ and n¯, however, it is
still possible to reach squeezing above 7.9 dB. We be-
lieve that for larger values of r it is possible to reach
even larger degrees of squeezing, although we could not
simulate it because of the large size of the Hilbert space
involved. An interesting feature can be observed in the
black curve of figure 4(a) and in the blue curve of figure
4(b), the degree of squeezing starts to decrease for larger
values of r. This phenomenon was observed by Kronwald
et al. [24], and has to do with the fact that for larger val-
ues of r, the coupling parameter G is very small; indeed
G → 0 for r → ∞. Consequently, there is an optimal
value ropt above which the coupling of the optical mode
to the Bogoliubov mode is weak compared to the deco-
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FIG. 5. g(2)(0) of the mechanical oscillator against r in the
steady state. In the blue curves n¯m = 0, in the red curves
n¯m = 10 and in the green curves n¯m = 100. In (a) γ = 10
−6κ
and in (b) γ = 10−7κ.
herence rate of the mechanical mode, and the generation
of squeezing is compromised. Kronwald et al. also have
found that for smaller values of γ and n¯, we have larger
values for ropt. This explains why we could not observe
ropt in the others curves. It is important to stress that
in the presence of mechanical damping, r does not corre-
spond to the squeezing parameter of the mechanical state
anymore. This makes clear the existence of an optimal
value for r.
There is still the question of whether this system
presents sub-Poissonian statistics in the presence of me-
chanical damping. In figure 5 we have g(2)(0) against r
for different values of γ and n¯m. For n¯m = 0 the steady
state presents super-Poissonian statistics, with large val-
ues of g(2)(0), specially for small values of r (actually,
g(2)(0) is not defined in the limit r → 0 if n¯m = 0). How-
ever, we notice an interesting behavior if n¯m is increased.
For instance, if we take n¯m = 10, 100, we observe much
smaller values for g(2)(0), i.e., a strongly sub-Poissonian
field state, specially for small values of r. This indicates
that by increasing the temperature of the reservoir, the
system is able to reach a steady state with more pro-
nounced quantum features. This phenomenon can be
understood if we take a closer look at the effective master
equation (48). For small values of r, βˆ2 ≈ bˆ2+2rbˆ†bˆ+ r,
so that the first term yields a (strong) two phonon dis-
sipative process and the second and third term preserve
the number of phonons, therefore not acting really as a
dissipative term. If n¯m = 0, eq. (48) gives us a dynam-
ics in which the mechanical oscillator continuously loses
phonons, so that the steady state is the vacuum state,
and that is why g(2)(0) diverges for r → 0. However,
if n¯m 6= 0 we add a process by which the mechanical
oscillator gains phonons from the environment, and the
steady state is not the vacuum state anymore. To explain
why it is possible to reach such small values for g(2)(0)
we must remember that we have a strong two phonon
dissipative process, so that the state of the system con-
verges into a mixture of the states |na = 0, nb = 0〉
and |na = 0, nb = 1〉, which may have the strong sub-
Poissonian statistics observed. In [23] the authors used
a rate equation to explain this phenomenon. This ex-
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FIG. 6. (a) Quadrature squeezing of Xˆ1 against κt for r = 1
and different values of ω˜m/κ. The initial state of the system
is |na = 0, nb = 0〉. (b) g
(2)(0) against κt for r = 0.05 and
different values of ω˜m/κ. The initial state of the system is
|na = 0, nb = 1〉. In the black curves ω˜m = 5κ, in the blue
curves ω˜m = 20κ, in the red curves ω˜m = 50κ, and in the
green curves we take the limit ω˜m/κ → ∞. In all curves
γ = 10−6κ and n¯m = 0.
plains the increase in the fidelity observed in figures 3(c)
and 3(d). The nonzero population in the one-phonon
state increases the fidelity of the steady state with the
squeezed one phonon state. For larger values of r a two
phonon creation process comes into play and it is not pos-
sible to observe sub-Poissonian statistics for the mechan-
ical oscillator anymore. It is important to note that, as
sub-Poissonian statistics arises for small r, the required
modulation amplitude of the mechanical mode, ǫ, is also
small. Actually, for r = 0, where the smallest values for
g
(2)
2 have been found, we have that ǫ = 0.
As pointed out in the last section, the results presented
here rely on the validity of the rotating wave approxima-
tion, which is known to hold if the system operates in the
deep resolved sideband regime (κ ≪ ω˜m). However, in
realistic situations this condition is hardly fulfilled, and it
would be interesting to study the behavior of our system
for nonzero values of the ratio κ/ω˜m. To this end, we
must consider the full (time dependent) Hamiltonian of
eq. (38). We have that, if we do not work in the deep re-
solved sideband regime (κ/ω˜m < 10
−3), the first term of
Hamiltonian (43) may bring a contribution comparable
to (or even larger than) the contributions of the reso-
nant terms themselves. To avoid this term and obtain
squeezing for moderate values of the sideband parame-
ter, we consider that the mechanical oscillator has also a
modulation at the frequency of 4ω˜m, which is adjusted
to cancel the first term of Hamiltonian (43). For this sit-
uation, we have solved numerically the master equation
(44) using the full Hamiltonian, and the time evolution
of the squeezing of the Xˆ1 quadrature and of the g
(2)(0),
for different value of ω˜m/κ, is shown in figure 6. In fig-
ure 6(a) the results show that the nonresonant heating
of the Bogoliubov mode generated by HˆNR compromises
the squeezing of the Xˆ1 significantly. However, it is still
possible to observe squeezing above the 3 db limit even
for ω˜m/κ ≈ 5. On the other hand, we have found that
8the influence of the nonresonant terms on the generation
of states with sub-Poissonian statistics is considerably
smaller. As one can note in figure 6(b), the blue curve
(ω˜m/κ = 20) and red curve (ω˜m/κ = 50) can not be
distinguished from the green curve (ω˜m/κ → ∞). We
believe that this small effect is due to the fact that sub-
Poissonian statistics appears only for small values of r,
and most of the nonresonant terms are proportional to
sinh r and sinh2 r, which are also small. We also believe
that effects of the nonresonant terms are minimal be-
cause in the quadratic case they oscillate at frequencies
2ω˜m or 4ω˜m, differently from what usually occurs in a
linear optomechanical system, for which the frequency of
nonresonant terms is ω˜m.
Regarding the experimental feasibility of our proposal,
we consider here the realistic parameters of a quadratic
optomechanical system reported in [31]: ωm ≈ 106Hz,
κ ≈ 105Hz, γ ≈ 0.1Hz, g ≈ 10−4Hz, and the mass of
the mechanical oscillator is m = 30ng. For a laser with
power Pin = 5µW , the effective optomechanical coupling
is gα ≈ 0.76Hz ≈ 10−5κ [32]. However, the effective
coupling gα is far below the value used here, 10−2κ. A
possible way to get around this would be to increase Pin;
nevertheless, this would result in a very high value for ǫ
and probably would lead the optomechanical system to
instability (actually, if one is interested in the observa-
tion of sub-Poissonian statistics for r = 0, it would be
possible to increase Pin, as no modulation of the me-
chanical oscillator is needed in this case). A solution to
that problem would be to increase the value of g by five
orders of magnitude. Indeed, in [33] the authors have
measured g ≈ 5Hz but, unfortunately, the optomechani-
cal system does not work in the resolved sideband regime.
Considering an optomechanical system with g ≈ 10Hz,
then the amplitude of the parametric driving must be
ǫ = 8κ/ωm, and therefore, a system working in the deep
resolved sideband regime would require a small driving of
the mechanical oscillator. Another question that must be
considered is the tolerance of our purpose regarding the
condition imposed on the driving amplitudes, ǫ = −2λ.
Our simulations show that the relation ǫ = −2λ must
be satisfied with a very high precision, about 10−4%, in
order to observe the desired effects.
VI. CONCLUSIONS
In this work we have studied an optomechanical sys-
tem with a purely quadratic optomechanical coupling,
whose mechanical mode is being parametrically driven
and whose optical mode is being pumped by three co-
herent fields. We have shown that if the frequencies
and amplitudes of both parametric and optical drivings
are chosen properly, the optomechanical system acts as
a mechanical oscillator coupled to an engineered reser-
voir. Under these circumstances, and in the absence of
mechanical damping, the squeezed vacuum state and the
squeezed one phonon state (or any mixture of them) are
dark states of the dynamics. This was confirmed by
our numerical results. We made a detailed analysis of
time evolution of the system for γ 6= 0, and the results
have shown two time scales, one determined by the de-
cay rate of the optical mode κ and the coupling constant
G, and other determined by the decay rate of the me-
chanical mode γ, and n¯m. Our results have shown that
if t ≫ G2/κ (if the adiabatic elimination is valid) and
t≪ [(n¯m+1)γ]−1, the state of the system is very well ap-
proximated by the states |0〉a⊗|ξ, 0〉b or |0〉a⊗|ξ, 1〉b, de-
pending on the initial state of the system. We have shown
that even with γ 6= 0 the system still presents steady
states with large degrees of squeezing (above 7.9 dB),
and strong sub-Poissonian statistics (g(2)(0) < 2×10−2).
We have also analyzed the effect of a nonzero sideband
parameter κ/ω˜m on the generation of squeezed states,
and found that in general it has deleterious effects on
squeezing, although it is still possible to observe reduc-
tion of noise above 3 dB in the moderate resolved side-
band regime (ω˜m/κ ≈ 5). Nevertheless, the effects of the
nonresonant terms on the generation of sub-Poissonian
states were small even for ω˜m/κ ≈ 5 and can hardly be
noted for larger values of the ratio ω˜m/κ.
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APPENDIX
In this Appendix we discuss the possibility of unstable
solutions of eq. (34). Let us consider first the parametric
oscillator equation of motion:
x¨+ γx˙+
[
ω2 + ǫ cos(Ωt)
]
x = 0, (49)
where ǫ and Ω are the amplitude and frequency of the
modulation, respectively, and γ is the decay rate of the
oscillator. Defining the dimensionless parameters,
t˜ = Ωt2 ,
ω˜ = 2ωΩ ,
ǫ˜ = 2ǫΩ2 ,
γ˜ = 2γΩ ,
(50)
we can write the equation of motion in the following way,
x¨+ γ˜x˙+
[
ω˜2 + 2ǫ˜ cos(2t˜)
]
x = 0. (51)
Defining x = y exp(−γ˜t˜/2) and substituing in eq. (51),
we obtain,
y¨ +
[
ω2R + 2ǫ˜ cos(2t˜)
]
y = 0. (52)
9This is a Mathieu equation with a renormalized angu-
lar frequency ω2R = ω˜
2 − γ˜2/4. Using the results of the
Floquet theory for differential equations, it is possible to
show that the Mathieu equation has unstable solutions
[34]. In figure 7 we have the stabity diagram of the Math-
ieu equation, where in the dark areas at least one of the
solutions is unstable. If Ω = 2ω, then ωR = 1− (γ/ω)2/4
and ǫ˜ = ǫ/2, and for an oscillator with a high quality
factor, instability may arise even for small ǫ˜. However,
if Ω = 4ω, then ωR = 1/2 − (γ/ω)2/16 and ǫ˜ = ǫ/8,
and for small enough ǫ, the stability of the system is
guaranteed. Given that the solution of equation 49 is
x = y exp(−γ˜t˜/2), then limt→∞ x(t) = 0.
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FIG. 7. Stability diagram of the Mathieu equation. In the
white areas there are just stable solutions while in the black
areas there is at least one unstable solution.
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